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Some Convergence Theorems on 6-Denjoy Integral
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Several descriptive integrals were contructed by using the concept of absolute continuity on an interval [a, b] C R.
By generalizing interval [a, b] into fundamental 6—interval for a positive function § on interval [a, b], we can
construct an absolute 6—continuous function on interval [a, b]. In this paper, the author used literature review to
construct a Denjoy integral with respect to function & which is called 5—Denjoy integral. In addition, the author
proved the Cauchy theorem and Harnach theorem on such an integral.
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1. INTRODUCTION

There have been many descriptive integrals studied by such
mathematicians.> 3379 11.12.15.16

Using absolute continuity concept which involves interval
system!-3 1116 there have been studied Denjoy integral on a cell
[a, b] C R. Schwabik! introduces descriptive integral using gen-
eralized ordinary differential equation approach while the others,
using approximately interval system.

Quite different from the afore mentioned authors, we will
study descriptive integral, especially Denjoy integral type
that the absolute continuity concept used refers to absolute
continuity,'>'* that is, the absolute continuity which involves
d—fundamental interval system.*'? Beside that, we will study
the Cauchy theorem and Harnach theorem on this integral later.

2. BASIC CONCEPT

In this section, we study some basic concepts and related prop-
erties that is useful for later discussion.

DEFINITION 2.1 (DARMAWIIAYA, 1991; MANUHARAWATI,
2016). Let a,b € R,a # b, & be a positive function defined
on an interval [a,b] C R, and x € [a, b]. An interval (u,v) =
{yela,b]l: x—06(x) <u<y<v<x+06(x)} is called a
6—fundamental interval at x. A collection of all fundamental
o—intervals at x, denoted by D, and has properties
Al. Forevery D, e D, and s <x <,

D.=D,N(s,t) € D,
A2. If D\, D} € D,, then
D.ND]eD,
A3. If A is index set and D¢ € D, for every a € A, then
D)C = U D)C: e D.\’

acA
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A4. For every D, € D, D, contains x and there exists s, € D,
such that

s<x<t

A5. If D, eD,,u,ve D, and u < x < v, then there are u,, v, €
D, with

U<u <x<v <v

Note that D, # ). So, we can take exactly one D, € D,. The
collection of all D, such as denoted by G,.

DEFINITION 2.2 (DARMAWDIAYA, 1991). A collection A of
all closed intervals [u,v] with u,v € D, € G is called a
A—fundamental full cover (FFC —A) on [a, b] and G is called
a generator of FFC —A.

DEFINITION 2.3 (INDRATI, 1992). Let a,b € R,a # b, & be a
positive function defined on an interval [a,b] C R, and A C R.
The number p € R is said to be 6—limit point of a set A if for
every fundamental 8—interval D, € D, we have

D,NA—p#V

DEFINITION 2.4 (INDRATI, 1992). Let a,b € R,a # b, &
be a positive function defined on an interval [a,b] C R,
F:la,b] — R, and x, be 6—Ilimit point of [a, b]. The number
[ € R is called to be 6—limit of a function f for x closed to x,,
denoted by

5— lim f(x) =1
X=X

if for every real number & > 0, there exists a fundamental
d—interval D, € D, such that for every u € D, ,u # x, we
have

[F(u)—I| < &
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DEFINITION 2.5 (INDRATI, 1992). Let a,b € R,a# b, 6 be a
positive function defined on an interval [a,b] C R, F: [a, b] —
R, and x, € [a, b] be 6—limit point of [a, b]. A function F is
said to be 6—continuous at x, if

60— lim F(x) = F(xy)
x—x0

DEFINITION 2.6 (INDRATI, 1992). Let 6 be a positive function
defined on an interval [a,b] C R and x, € [a, b]. 6—Derivative
of a function F — R at x,, denoted by DsF(x,) defined by

DyF(xy) = & — tim T =)

xox X=X
(if the limit exists).

Let [a, b] be an interval on R with a < b and 8: [a, b] —> R™.
Based on the fundamental 6—interval, and the concept of an
absolute continuity of a function, it was constructed some types
of absolute continuity as follow.

DEFINITION 2.7 (MANUHARAWATI, 2013). Given a posi-

tive function &8: [a,b] — R", a set X C R, and a function
F:la,b] - R.
(i) A function F is said to be weakly absolutely 6—continuous
on X if for any real number & > 0, there exists a real number
v > 0 such that for every sequence (x;) on X there is a sequence
of nonoverlapping fundamental d—intervals (D,,), D, € D,,
such that if u; € D, with 37, |x; —u;| <y then

Z'F(xi)_F(ui)| <&

The set of all weakly absolutely 6—continuous functions on X
is denoted by AC;s(X).

(ii) A function F is said to be generalized weakly absolutely
d6—continuous on X if there is a sequence of sets (X;) such that
X =U,X; and F € AC;(X;) for every i. The set of all generalized
weakly absolutely 6—continuous functions on X is denoted by
ACGs(X).

(iii) A function F is said to be strongly absolutely 6—
continuous on X if for any real number & > 0, there exists a real
number y > 0 such that for every sequence (x;) on X there is
a sequence of nonoverlapping fundamental d—intervals (D,,),
D,, € D,, such that if u; € D, with 3, |x; —u;| <y then

Zw(F; [a;,b;]) < €

i

with @; =min{x;, u;} and b; = max{x;, u;}. The set of all strongly
absolutely 6—continuous functions on a set X C [a, b] is denoted
by AC3(X).

(iv) A function F is said to be generalized strongly absolutely
d—continuous on a set X if there exists a sequence of sets (X))
such that X =U,;X; and F € AC3(X;) for every i. The set of all
generalized strongly absolutely 6—continuous functions on X is
denoted by ACG3(X).

The following theorem will be used in next discussion.

THEOREM 2.1 (MANUHARAWATI, 2013). Let & be a positive real
function on [a, b]. The Cs[a, b, ACj[a, b], and ACGj|a, b] are
linear spaces.

11992
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THEOREM 2.2 (MANUHARAWATI, 2013). Let & be a positive real
function on |a, b], F: [a,b] — R be a function and c € |a, b]. If
D;sF(c) exists, then F is 6—continuous at c.

THEOREM 2.3 (MANUHARAWATI, 2016). If DsF(x) exists for
every x € [a, b], then F € ACGj|a, b).

THEOREM 2.4 (MANUHARAWATI, 2016). If DsF(x) exists nearly
everywhere on [ab], then F € ACG}|a, b].

3. RESULTS AND DISCUSSION

DEeFINITION 3.1. Let 6 be a positive function defined on
[a,b] C R. A function f: [a,b] — R is said to be 6—Denjoy
integrable or Dj—integrable on [a, b] if there exists a function
F: la,b] — R such that DgF(x) = f(x) a.e. on [a,b] and F €
Csla, b] N ACGj[a, b]. The number (Dg)f:f(t) dt = F(b) —
F(a) is called Dj—integral value of f on [a, b] and F is called
Dji—primitive of f on [a, b]. The set of all D{—integrable func-
tions on [a, b] is denoted by D}[a, b].

It is easy to understand that the Dj—integral value of f on
[a, b] is unique.

THEOREM 3.1. If f,g € Djla,b] then f+ g € Di[a,b] and
af € Dyla, b] for any real number a.

PROOF. Let F and G be Di—primitive of f and g on [a, b]. Then
DsF(x) = f(x) ae. on [a, b], DsG(x) = g(x) a.e. on [a, b], and
F,G € Cs[a, b]N ACGj[a, b]. By the Definition 2.6, Theorems
2.1 and 2.2, D{[a, b] is a linear space, i.e.: f+g € Ds[a, b] and
af € Dyla,b]. W
THEOREM 3.2. If f € Dila,b] and [u,v] C [a,b], then f €
Di[u, v].
PROOF. Let F be a Dj—primitive of f on [a, b]. So, F: [a, b] —
R with DsF(x) = f(x) ae. on [a,b] and F € Csla,b]N
ACGjla, b). Since [u,v] C [a,b], then, F: [u,v] = R with
DsF(x) = f(x) ae. on [u,v] and F € Cgslu,v]NACGj[u, v].
Since F € ACGja, b] then there exists a sequence of sets (X;)
such that U,y X; = [a, b] and F € AC}3(X;) for every i. For every
i, define

Y, =X,N[u,v]
Then we have: [u, v] = U,y Y; and F € AC3(Y;) for every i. So,
F € ACGjlu,v]. Consequently F € Di[u,v]. W

THEOREM 3.3. If f € Dj[a, b] and a < ¢ < b, then
b c b
03 [ rdr =) [ f@eydi+03) [ feydi

ProOF. By Theorem 3.1, f € Dj[a, c] and f € D§[c,b]. If F is
a Dj—primitive of f on [a, b], then

b
(03) [ Fdi = F(b)~F(a)
= [F(b) —F(c)]+[F(c)—F(a)]
c b

= o) [ Fwdr+ ;) [ @y m
THEOREM 3.4. (Cauchy Theorem): If f € Dj[c,d] for every
[c,d] C[a,b] witha <c<d <Db and

b

(DY) [ F(1)dt = A(exist)

60— lim

c—at;d—b—
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then f € Dj[a, b] with

b
(D)) [ fdi=a

PrOOF. By the Theorem 3.2, we can define a function F on [a, b]
with F(x) = (D}) [ f(1)dt for every x € [a,b]. So, we have
DgF(x) = f(x) a.e. on [a, t] and F € Cs[a, t)NACGj[a,t]. t €
[a, b] for every 1 € [a, b].

Since

b
6~ lim F(x)=5— lirri}i(D:;)/ f(r)di=A
then for every real number & > 0 there exists a 6—fundamental

interval D, € D, such that for every u € D, with u < b we obtain

&

|F(u)— Al < ]

for every positive integer k.
Furthermore, define F(b) = A. By the Definitions 2.6 and 2.7,

we have: F is 6—continuous at b and

|F(u) = F(b)| < ——

k+2
for every positive integer k.
Hence .
o(F; [u,b]) < 2 (3.1)

Since ¢ € [a, b], then we choose 7 = u such that (3.1) holds. Since
F € ACGjla, u], then there exists a sequence of set (X;) with
[a,u] =U,cxX; and F € AC4(X;) for every i. So, there exists a
positive integer number m such that u € X,, and F € AC3(X,,).
Consequently, there exists a positive real number 7y such that
for every sequence (x;) on X, there exists a nonoverlapping
sequence of 6—fundamental intervals (D,,) with D, € D, such
that for every u; € D, NX,, with 37,y [x; —u;| <y we have

> o(Fi[a;, b)) < % (3.2)

ieN

with a; = min{x;, u;} and b, = max{x;, u;}. Furthermore, define
aset X = X,,U[u, b]. If (X;) is any sequence on X, then there
exists a nonoverlapping sequence of 6—fundamental intervals
(D,,) with D, € D, , and by (3.1) and (3.2), if u; € D, N X and
Yien |Xi —u;| <y, we have

Y oF:lab) < 3

ieN ieN,x;eX,,

o(F; [a;, b;])

& to
+ Y ow(Fia.b)<-+-=¢
) 2 2
ieN,x;e(u,b)

with @; = min{x;, »;} and b, = max{x;, u;}. So, F € AC3(X).

Consequently, F € ACGjla, b].
Since the function F is 6—continuous at b, we have

§—lim F(x) =8~ lim F(x)=A

So, we have

b
D) [ fydi=4 m
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THEOREM 3.5. (Harnach Theorem): Let E be a closed subset of
la, b] and ([a;, b;]) be a sequence of contiguous closed intervals
of E on [a,b]. If Iy is the a characteristic function on E and
fIz € Di{a, b], f € D{[a,, b;] with

i

bi
S0 [ faydr <o

ieN
then f € D[a, b] with

b by b
D) [ fyde=Y(D3) [ f(oydi+ D) [ flp(r)dr
a ieN ai a
ProOF. Since fI; € Dj{a,b] then there exists a function
G: [a,b] — R such that DsG(x) = fI;(x) a.e. on [a,b] and
G € Cs[a, p]NACGg[a, b]. Since f € Dj[a;, b;], there exists a

function F;: [a;,b;,] — R for every i such that F; € Cs[a;, b,]N

ACGjla;, b;). Since ([a;, b;]) is a sequence of contiguous closed
interval of E on [a, b], we have

[a’ b] —E= U[aia br]
ieN
Furthermore, if we define a function F: [a, b] — R where

k-1
F(x)= {G(x)‘*'ZFi(x); xX=a; a=b_, or
i=1
a, #b,_G(x); x e E and there is no k with

k-1

¥ @G0+ DRO R ve bl
i=1

then we have:

(i) DsF(x) = f(x) a.e. on [a, b].

(ii) F € AC5(E)NACGj[a, b].

(iii) Since F € Csla;, b;] N ACGjla;,b;] then F €

Cs(Uienla;, b)) N ACG35(Uienla;, bi]), so F e Cila,b] N

ACGZ[a, b]

From (i) and (iii), we have f € Dj}[a, b].
Note that

b
(05) [ (1) dr =03 [ F(oyar

Since Z,-GN(D;‘)f:_’ f(t)dt < oo, we obtain

b
) [ fyde =) [ fwar+@p [ fd
b
= ) [ (1)) dr
bi
+Z[(D;)/ f(t)dt] m
ieN i

4. CONCLUSIONS

Given a positive function 6 on cell [a,b] and based on
the concept of 6—fundamental continuity and generalized
6—fundamental continuity, we have constructed descriptive-type
integral which was defined as 6—Denjoy integral and also suc-
cessfully proved the Cauchy theorem and the Harnach theorem
on the integral.
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